The existence of augmented resolvable Steiner quadruple systems  by Meng, Zhaoping et al.
Discrete Mathematics 310 (2010) 2007–2020
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
The existence of augmented resolvable Steiner quadruple systemsI
Zhaoping Meng a, Lijun Ji b, Beiliang Du b,∗
a Department of Mathematics, Shangqiu Normal University, Shangqiu 476000, PR China
b Department of Mathematics, Suzhou University, Suzhou 215006, PR China
a r t i c l e i n f o
Article history:
Received 30 September 2009
Received in revised form 16 March 2010
Accepted 19 March 2010
Available online 13 April 2010
Keywords:
Candelabra quadruple system
Group divisible design
Steiner quadruple system
Resolvability
a b s t r a c t
An augmented Steiner quadruple system of order v is an ordered triple (X,B, E), where
(X,B) is an SQS(v) and E is the set of all 2-subsets of X . An augmented Steiner quadruple
system (X,B, E) of order v is resolvable ifB ∪ E can be partitioned into n = (v− 1)(v+
4)/6 partsB ∪ E = P1|P2| · · · |Pn such that each part Pi is a partition of X .
Hartman and Phelps in [A. Hartman, K.T. Phelps, Steiner quadruple systems, in: J.H.
Dinitz, D.R. Stinson (Eds.), Contemporary Design Theory, Wiley, New York, 1992, pp.
205–240] conjectured that there exists a resolvable augmented Steiner quadruple systems
of order v for any positive integer v ≡ 2 or 10 (mod 12). In this paper, we show that the
Hartman and Phelps conjecture is true.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A Steiner quadruple system of order v, denoted by SQS(v), is a pair (X,B), where X is a v-set of points andB is a set of
4-subsets of X , called blocks, with the property that every 3-subset of X is contained in exactly one block of B. Hanani [4]
showed that an SQS(v) exists if and only if v ≡ 2 or 4 (mod 6).
An SQS(v)(X,B) is said to be resolvable, denoted by RSQS(v), if B can be partitioned into n = (v − 1)(v − 2)/6 parts
B = P1|P2| · · · |Pn such that each part Pi is a partition of X . The existence of a resolvable Steiner quadruple system of order
v has been completely determined.
Theorem 1.1 ([7,9]). An RSQS(v) exists if and only if v ≡ 4 or 8 (mod 12).
In this paper we are concerned with augmented Steiner quadruple systems. An augmented Steiner quadruple system
of order v is an ordered triple (X,B, E), where (X,B) is an SQS(v) and E is the set of all 2-subsets of X . An augmented
Steiner quadruple system (X,B, E) of order v is resolvable, denoted by ARSQS(v), if B ∪ E can be partitioned into
m = r(v) = (v − 1)(v + 4)/6 partsB ∪ E = P1|P2| · · · |Pm such that each part Pi is a partition of X .
Augmented resolvable Steiner quadruple systemswere introduced by Booth [1] and Greenwell and Lindner [3], who also
showed that an RSQS(2v) could be constructed from an ARSQS(v). They also constructed an ARSQS(v) for v = 10 and 14
in [1,3].
It is easy to see that the necessary condition for the existence of an ARSQS(v) is v ≡ 2 or 4 (mod 6). When v ≡ 4 or
8 (mod 12), an ARSQS(v) can be obtained by adding a one-factorization of the complete graph on the point set of an RSQS(v)
in Theorem 1.1. It follows that the existence of an ARSQS(v) for v ≡ 2 or 10 (mod 12) remains to be solved. Hartman and
Phelps in [8] conjectured that there exist ARSQS(v) for all v ≡ 2 or 10 (mod 12).
In [10], the authors have obtained some ARSQS(v) as follows.
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Theorem 1.2 ([10]). There exists an ARSQS(v) for v ≡ 26, 58, 74 (mod 96).
In this paper, we show that the Hartman and Phelps conjecture is true.
Theorem 1.3. There exists an ARSQS(v) for any integer v ≡ 2, 10 (mod 12).
2. A construction for ARSQSs
In this section we give a construction for ARSQSs from an augmented resolvable candelabra quadruple system in
Lemma 2.5.
A t-wise balanced design (tBD) is a pair (X,B), where X is a finite set of points and B is a set of subsets of X , called
blocks, with the property that every t-subset of X is contained in a unique block. A 2BD is usually called a pairwise balanced
design. If |X | = v and block sizes of B are all from K , we denote the tBD by S(t, K , v). When K = {k}, we simply write k
for K . An S(t, k, v) is called a Steiner system. An S(3, 4, v) is an SQS(v). It is known that an S(3, {4, 6}, v) exists if and only if
v ≡ 0 (mod 2) [5].
An S(t, K , v) is said to be resolvable (denoted by RS(t, K , v)) if its blocks can be partitioned into parts (called resolution
classes) such that each part is itself a partition of X . An RS(t, K , v) is said to be uniform and denoted by URS(t, K , v) if all
blocks in each resolution class have the same size. Clearly, an RS(t, k, v) is uniform. An RS(3, 4, v) is an RSQS(v).
The existence of a URS(3, {4, 6}, v) has been completely determined by the authors [10].
Theorem 2.1 ([10]). A URS(3, {4, 6}, v) exists if and only if v ≡ 0 (mod 4).
Let v be a non-negative integer, t a positive integer, and let K be a set of some positive integers. A group divisible t-design
(or t-GDD) of order v and block sizes from K denoted by GDD(t, K , v) is a triple (X,G,B) such that
(1) X is a set of cardinality v (called points),
(2) G = {G1,G2, . . .} is a set of non-empty subsets of X (called groups) such that (X,G) is a 1-design,
(3)B is a family of subsets of X (called blocks) each of cardinality from K such that each block intersects any given group
in at most one point,
(4) each t-set of points from t distinct groups is contained in exactly one block.
The type of the t-GDD is defined as the multiset {|G| : G ∈ G}.
A GDD(t, K , v) is said to be resolvable if its blocks can be partitioned into parts (called resolution classes) such that each
point of the design occurs in precisely one block in each part. We will denote a resolvable GDD(t, K , v) by RGDD(t, K , v).
Lemma 2.2 ([9,12–14]). The necessary conditions gn ≡ 0 (mod 4), g(n−1)(n−2) ≡ 0 (mod 3) and n ≥ 4 for the existence of
an RGDD(3, 4, gn) of type gn are also sufficient except possibly for g ≡ 4, 8 (mod 12) and n = 73, 149, or for g ≡ 0 (mod 12)
and n ∈ {15, 21, 27, 33, 39, 69, 75, 87, 105, 111, 129, 147, 213, 231, 243, 321}.
In order to study the existence of an ARSQS, we need to introduce a resolvable augmented candelabra quadruple system,
which is similar to a resolvable CQS [9].
A candelabra t-system (or t-CS) of order v is a quadruple (X, S,G,B), where X is a set of v points, S is a subset (called the
stem) of X , G = {G1,G2, . . .} is a partition of X \ S into subsets (called groups or branches) andB is a family of subsets (called
blocks) of X , which satisfies the following properties:
(1) every t-subset T of X with |T ∩ (S ∪ Gi)| < t for all i is contained in a unique block,
(2) no t-subset of S ∪ Gi for all i is contained in any block.
A t-CS of order v with block sizes from a set K of some positive integers is denoted by CS(t, K , v). When K = {k}, we simply
write k for K . If a t-CS has ni groups of size gi, 1 ≤ i ≤ r , and stem size s, then we say that the group type (or type) of this
system is (gn11 g
n2
2 · · · gnrr : r). A candelabra systemwill be called uniform if all groups have the same size. A CS(3, 4, v) of type
(gn11 g
n2
2 · · · gnrr : r) is also called a candelabra quadruple system (as in [8]) and is simply denoted by CQS(gn11 gn22 · · · gnrr : r).
A CQS(gnu1 : s)(X, S,G,B) is said to be augmented resolvable, denoted by ARCQS(gnu1 : s), if its block setB and E , the
set of all pairs {x, y} from different groups, can be partitioned into [ng(g + 2s+ 3)+ u(u+ 2s+ 3)+ n(n− 1)g2+ 2ung]/6
parts with the following two properties:
(1) for each group G ∈ G, there are exactly g(g+2s+3)/6 parts if |G| = g or u(u+2s+3)/6 parts if |G| = u, each being
a partition of X \ (G ∪ S) (called a partial resolution class);
(2) there are [n(n− 1)g2 + 2ung]/6 parts, each being a partition of X (called a resolution class).
Specifically, when u = g , an ARCQS is said to be uniform; this was introduced in [10].
Lemma 2.3 ([6]). There exists an ARCQS(g3 : s) for any g ≡ s+ 6 (mod 12).
Let (X,B, E1) be an ARSQS(v) with a resolution P1|P2| · · · |Pr(v), and (Y ,A, E2) an ARSQS(w) with a resolution
P ′1|P ′2| · · · |P ′r(w), such that Y ⊂ X , A ⊂ B and P ′j ⊂ Pj for 1 ≤ j ≤ r(w). Then it is called an ARSQS(v) with an augmented
resolvable subsystem of orderw and is denoted by ARSQS(v : w).
Lemma 2.4 ([6]). There exists an ARSQS(v : w) for (v,w) = (10, 4) and (14, 4).
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Similar to the construction of an ARSQS from a uniform ARCQS [10], we have the following construction.
Lemma 2.5. Suppose that there exists an ARCQS(gnu1 : s). If there exists an ARSQS(g + s : s) and an ARSQS(u + s : s), then
there exists an ARSQS(ng + u+ s : g + s) and an ARSQS(ng + u+ s : u+ s).
Proof. Let (X, S,G,B ∪ E) be the given ARCQS(gnu1 : s), where G = {G0,G1,G2, . . . ,Gn}, |G0| = u and |Gk| = g for
1 ≤ k ≤ n. Then the block set B ∪ E has a partition {P(k, j) : 1 ≤ k ≤ n, 1 ≤ j ≤ g(g + 2s + 3)/6} ∪ {P ′(h) : 1 ≤ h ≤
u(u+2s+3)/6}∪{P ′′(m) : 1 ≤ m ≤ [n(n−1)g2+2ung]/6} such that (1) for 1 ≤ k ≤ n and1 ≤ j ≤ g(g+2s+3)/6, P(k, j) is a
partition ofX\(Gk∪S); (2) for 1 ≤ h ≤ u(u+2s+3)/6, P ′(h) is a partition ofX\(G0∪S); (3) for 1 ≤ m ≤ [n(n−1)g2+2ung]/6,
P ′′(m) is a partition of X .
For 1 ≤ k ≤ n, construct an ARSQS(g + s : s) on Gk ∪ S such that the subdesign is based on S. Such a design
exists by assumption. Denote the set of blocks in the subdesign by C and the set of the other blocks by Ak. Then there
are (g + s − 1)(g + s + 4)/6 resolution classes Q (k, j), 1 ≤ j ≤ (g + s − 1)(g + s + 4)/6, with the property that for
1 ≤ j ≤ (s− 1)(s+ 4)/6 each resolution class Q (k, j) on Gk ∪ S contains a resolution class Q ′′(j) on S.
We also construct an ARSQS(u+s : s) on G0∪S such that the subdesign is based on S. Such a design exists by assumption.
Denote the set of blocks in the subdesign by C and the set of the other blocks byA0. Then there are (u+ s− 1)(u+ s+ 4)/6
resolution classes Q ′(h), 1 ≤ h ≤ (u + s − 1)(u + s + 4)/6, with the property that for 1 ≤ h ≤ (s − 1)(s + 4)/6 each
resolution class Q ′(h) on G0 ∪ S contains a resolution class Q ′′(h) on S.
Then (X,B ∪ E ∪ C ∪ (⋃0≤k≤nAk)) is an augmented SQS(ng + u+ s), (G0 ∪ S,C ∪A0) is a subsystem of order (u+ s)
and (G1 ∪ S,C ∪A1) is a subsystem of order (g + s). We shall resolve this design.
The first (s−1)(s+4)/6 resolution classes are P ′′′(j) = (⋃1≤k≤n(Q (k, j)\Q ′′(j)))∪Q ′(j), 1 ≤ j ≤ (s−1)(s+4)/6. Another
ng(g+2s+3)/6 resolution classes are P(k, j)∪Q (k, j+ (s−1)(s+4)/6), 1 ≤ k ≤ n and 1 ≤ j ≤ g(g+2s+3)/6. Another
u(u+2s+3)/6 resolution classes are P ′(h)∪Q ′(h+(s−1)(s+4)/6), 1 ≤ h ≤ u(u+2s+3)/6. The other [n(n−1)g2−2ung]/6
resolution classes are P ′′(m), 1 ≤ m ≤ [n(n−1)g2−2ung]/6. Clearly, these resolution classes are pairwise disjoint. Further,
the number of these resolution classes is (s− 1)(s+ 4)/6+ ng(g + 2s+ 3)/6+ u(u+ 2s+ 3)/6+ [n(n− 1)g2− 2ung]/6,
which is the required number of resolution classes in an ARSQS(ng + u+ s). So, such an augmented SQS is also resolvable.
Further, since Q ′(j) ⊂ P ′′′(j) for 1 ≤ j ≤ (s−1)(s+4)/6 and Q ′(h+ (s−1)(s+4)/6) ⊂ P ′(h)∪Q ′(h+ (s−1)(s+4)/6)
for 1 ≤ h ≤ u(u + 2s + 3)/6, this ARSQS(ng + u + s) is also an ARSQS(ng + u + s : u + s). Since Q (1, j) ⊂ P ′′′(j) for
1 ≤ j ≤ (s− 1)(s+ 4)/6 and Q (1, j+ (s− 1)(s+ 4)/6) ⊂ P(1, j)∪ Q (1, j+ (s− 1)(s+ 4)/6) for 1 ≤ j ≤ g(g + 2s+ 3)/6,
this ARSQS(ng + u+ s) is also an ARSQS(ng + u+ s : g + s). 
Lemma 2.5 shows that the ARCQS is very useful.
Lemma 2.6 ([10]). Suppose that there is a URS(3, K , u + 1). If there exist an ARCQS(gk−1 : s) and an RGDD(3, 4, gk) of type
gk for any k ∈ K, then there exists an ARCQS(gu : s).
In order to give a recursive construction of un-uniform ARCQSs, we need the concept of G-design. A G-design of order v is
a triple (X,G,B), where X is a v-set of points, G is a partition of X into subsets (called groups), andB is a family of subsets
of X (called blocks) such that (X,G ∪B) is an S(t, K , v). When |G| = g for all G ∈ G, |B| = K for all B ∈ B and v = mg , the
G-design is denoted by G(m, g, K , t).
A G-design is said to be resolvable if its blocks can be partitioned into parts (called resolution classes) such that each part
is itself a partition of the point set.Wewill denote a resolvable G(m, g, K , t) by RG(m, g, K , t). If all blocks in each resolution
class of an RG(m, g, K , t) have the same size, then it is said to be uniform and is denoted by URG(m, g, K , t). The existence
proof of URS(3, {4, 6}, v) for v ≡ 0 (mod 4) [10] implies the following.
Lemma 2.7. There is a URG(n, 4, {4, 6}, 3) for any integer n ≥ 2.
Lemma 2.8 ([12,13]). The necessary conditions g = 1 and n ≡ 4 or 8 (mod 12), or g is even, gn ≡ 0 (mod 4) and
g(n− 1)(n− 2) ≡ 0 (mod 3) for the existence of an RG(n, g, 4, 3) are also sufficient.
Lemma 2.9. Suppose that there exists a URG(n, u, K , 3). If there exist an ARCQS(gk−1 : s) for any k ∈ K and an RGDD(3, 4, gk)
of type gk for any k ∈ K ∪ {u}, then there exists an ARCQS(g(nu−u)(gu− g)1 : s).
Proof. Let (X ∪ {∞},G,B) be a URG(n, u, K , 3)with a resolution P1|P2| · · · |Pq, P0 = G and G0 the group containing∞. We
shall construct the desired design on X ′ = (X × Zg) ∪ S with groups {x} × Zg (x ∈ X \ G0), (G0 \ {∞}) × Zg and a stem S,
where S ∩ (X × Zg) = ∅ and |S| = s.
For 0 ≤ i ≤ q and B ∈ Pi with∞ 6∈ B, construct an RGDD(3, 4, g|B|) of type g |B| on B × Zg with groups {x} × Zg , x ∈ B.
Denote its block set by C iB and its resolution classes by P
i
B(m), 1 ≤ m ≤ (|B| − 1)(|B| − 2)g2/6.
For 1 ≤ i ≤ q and B ∈ Pi with∞ ∈ B, construct an ARCQS(g |B|−1 : s) on ((B \ {∞})× Zg)∪ S. Denote its block set byAiB,
its resolution classes by P
i
B(m), 1 ≤ m ≤ (|B| − 1)(|B| − 2)g2/6 and its partial resolution classes by P iB(x, j), x ∈ B \ {∞},
1 ≤ j ≤ g(g + 2s+ 3)/6.
Then (
⋃
0≤i≤q,B∈Pi,∞6∈B C
i
B) ∪ (
⋃
1≤i≤q,B∈Pi,∞∈BA
i
B) is the block set of the required design. We need to give its resolution.
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For 1 ≤ i ≤ q, let the block size of Pi be ki. Then P ′(i,m) = (⋃B∈Pi,∞∈B P iB(m))∪ (⋃B∈Pi,∞6∈B P iB(m)) is a partition of X ′ for
1 ≤ m ≤ (ki − 1)(ki − 2)g2/6.
For 1 ≤ j ≤ g(g + 2s + 3)/6, x ∈ X \ G0, each P(x, j) = ⋃1≤i≤q,B∈Pi,{x,∞}⊂B P iB(x, j) is a partition of (X \ {x}) × Zg .
For 1 ≤ j ≤ g(g + 2s + 3)/6, x ∈ G0 \ {∞}, each P(x, j) = ⋃1≤i≤q,B∈Pi,{x,∞}⊂B P iB(x, j) is a partition of (X \ G0) × Zg . For
1 ≤ m ≤ (u− 1)(u− 2)g2/6, each P(∞,m) =⋃B∈P0,∞6∈B P iB(m) is also a partition of (X \ G0)× Zg .
So, we obtain an ARCQS(g(nu−u)(gu− g)1 : s). 
Lemma 2.10. There exists an ARCQS(6u : 4) for u = 3 and 5.
Proof. (1) An ARCQS(63 : 4) is constructed on Z18 ∪ {∞1,∞2,∞3,∞4} with groups Gi = {i + 3j : j ∈ Z6}, i ∈ Z3 and a
stem S = {∞1,∞2,∞3,∞4}. Its resolution is described below.
Some initial resolution classes are as follows.
{2, 3, 16,∞1}, {4, 11, 15,∞2}, {6, 13, 14,∞3}, {7, 12, 17,∞4}, {5, 8, 9, 10}, {0, 1};
{0, 5, 16,∞1}, {6, 10, 14,∞2}, {7, 11, 15,∞3}, {1, 8, 9,∞4}, {2, 12, 13, 17}, {3, 4};
{1, 3, 17,∞1}, {6, 8, 16,∞2}, {9, 10, 14,∞3}, {11, 12, 13,∞4}, {2, 5, 7, 15}, {0, 4};
{1, 5, 15,∞1}, {2, 4, 6,∞2}, {8, 12, 13,∞3}, {9, 11, 16,∞4}, {0, 10, 14, 17}, {3, 7};
{0, 4, 17,∞1}, {7, 9, 14,∞2}, {5, 12, 16,∞3}, {8, 13, 15,∞4}, {3, 6, 10, 11}, {1, 2};
{6, 7, 8,∞1}, {1, 2, 9,∞2}, {10, 11, 12,∞3}, {3, 16, 17,∞4}, {0, 13, 14, 15}, {4, 5};
{2, 7, 12,∞1}, {6, 11, 13,∞2}, {4, 14, 15,∞3}, {9, 10, 17,∞4}, {0, 3, 8, 16}, {1, 5};
{9, 14, 16,∞1}, {0, 13, 17,∞2}, {3, 5, 7,∞3}, {2, 6, 10,∞4}, {1, 11, 12, 15}, {4, 8};
{1, 8, 12,∞1}, {5, 10, 15,∞2}, {3, 14, 16,∞3}, {6, 13, 17,∞4}, {4, 7, 9, 11}, {0, 2};
{7, 15, 17,∞1}, {9, 10, 11,∞2}, {0, 2, 13,∞3}, {4, 6, 8,∞4}, {1, 12, 14, 16}, {3, 5};
{0, 10, 11,∞1}, {5, 12, 13,∞2}, {7, 9, 17,∞3}, {6, 14, 16,∞4}, {1, 4, 8, 15}, {2, 3};
{2, 9, 10,∞1}, {1, 14, 15,∞2}, {4, 12, 17,∞3}, {3, 7, 8,∞4}, {0, 11, 13, 16}, {5, 6}.
Here, the blocks in every row form a resolution class on Z18 ∪ S. Developing these resolution classes by (+6 mod 18) yields
the required resolution classes.
For each block B of the following, let P(B, i) = {B+ 6j+ i : j ∈ Z3} for i ∈ Z3. Then each P(B, i) is a partial resolution class
missing Gi−1 ∪ S.
{0, 1, 3, 4}, {0, 3, 10, 13}, {3, 4, 6, 7}, {3, 6, 13, 16}.
For each block B of the following, let P ′(B, i) = {B + 3j + i : j ∈ Z6} for i ∈ Z3. Then each P ′(B, i) is a partial resolution
class missing Gi−1 ∪ S.
{0, 7}, {0, 10}, {0, 13}, {0, 16}.
Let F1 = {{0, 2}, {1, 4}, {3, 5}}, F2 = {{0, 4}, {1, 3}, {2, 5}} and F3 = {{0, 3}, {1, 5}, {2, 4}}. For i ∈ Z3 and 1 ≤ m, k ≤ 3,
let P(i,m, k) = {{3a+ i+ 1, 3b+ i+ 1, 3c + i+ 2, 3d+ i+ 2} : {a, b} is the l-th edge of Fk, {c, d} is the (l+m)-th edge of
Fk, 1 ≤ l ≤ 3}. Then P(i,m, k) is a partial resolution class missing Gi ∪ S.
(2) An ARCQS(65 : 4) is constructed on Z30 ∪ {∞1,∞2,∞3,∞4} with groups Gi = {i + 5j : j ∈ Z6}, i ∈ Z5 and a stem
S = {∞1,∞2,∞3,∞4}. Its resolution is described below.
The blocks in every two rows form a resolution class on Z30 ∪ S. Developing these resolution classes modulo 30 yields
the required resolution classes.
{0, 1, 7,∞1}, {2, 3, 26,∞2}, {4, 5, 12,∞3}, {6, 10, 24,∞4}, {16, 22},
{8, 14, 20, 29}, {9, 11, 19, 21}, {13, 17, 23, 27}, {15, 18, 25, 28};
{0, 2, 11,∞1}, {1, 3, 22,∞2}, {4, 6, 17,∞3}, {10, 12, 29,∞4}, {16, 18},
{5, 15, 23, 26}, {7, 13, 21, 27}, {8, 14, 19, 25}, {9, 20, 24, 28};
{0, 4, 12,∞1}, {1, 5, 23,∞2}, {9, 13, 25,∞3}, {10, 17, 18,∞4}, {16, 19},
{2, 11, 14, 22}, {3, 20, 24, 29}, {6, 7, 26, 27}, {8, 15, 21, 28};
{0, 13, 27,∞1}, {2, 15, 18,∞2}, {1, 7, 28,∞3}, {3, 9, 12,∞4}, {16, 20},
{4, 17, 19, 21}, {5, 8, 11, 23}, {6, 14, 22, 29}, {10, 24, 25, 26}.
In the following list, the blocks in every row form a partial resolution class missing G0 ∪ S. Developing these resolution
classes by (+5mod 30) yields partial resolution classesmissingG0∪S. Adding i to each of the above partial resolution classes
yields a partial resolution class missing Gi ∪ S, where 1 ≤ i ≤ 4.
{1, 3, 6, 8}, {2, 13, 14, 16}, {4, 9, 12, 17}, {19, 22, 23, 26}, {7, 18}, {21, 29}, {11, 24}, {27, 28};
{1, 3, 7, 9}, {2, 11, 16, 27}, {4, 17, 22, 29}, {18, 19, 23, 24}, {6, 13}, {14, 28}, {12, 21}, {8, 26}.
Developing each of the following blocks by (+5 mod 30) gives a partial resolution class missing G0 ∪ S. Adding i to each
of the above partial resolution classes yields a partial resolution class missing Gi ∪ S, where 1 ≤ i ≤ 4.
{2, 3, 11, 24}, {1, 2, 13, 29}, {3, 4, 16, 17}, {4, 6, 13, 27}, {3, 7, 14, 26}. 
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Lemma 2.11. There exists an ARSQS(v : 22) for v ≡ 22 (mod 24).
Proof. Write v = 24n−2, where n is a positive integer. Start with a URG(n, 4, {4, 6}, 3) in Lemma 2.7. Applying Lemma 2.9
yields an ARCQS(64n−4181 : 4). Here the required inputting designs are ARCQS(6k−1 : 4) and RGDD(3, 4, 6k)s of type 6k for
k ∈ {4, 6}, which come from Lemmas 2.10 and 2.2, respectively. Since there is an ARSQS(10 : 4) in Lemma 2.4, there is an
ARSQS(22) and an ARCQS(v : 22) by Lemma 2.5. 
Lemma 2.12. There exists an ARSQS(v : 10) for v ≡ 58 (mod 72).
Proof. Write v = 72n + 58, where n is an integer. If n ≡ 0, 1 (mod 3), then start with an RG(n + 1, 4, 4, 3), which exists
by Theorem 1.1. Since there is an ARCQS(63 : 4), there is an ARCQS(183 : 4) by the tripling construction [10]. Applying
Lemma 2.9 with the known ARCQS(183 : 4) and RGDD(3, 4, 72) of type 184 by Lemma 2.2 gives an ARCQS(184n541 : 4).
Since there is an ARCQS(22 : 4), there is an ARCQS(58 : 22) and an ARCQS(v : 22).
If n ≡ 2 (mod 3), then start with an RG ( 4n+46 , 6, 4, 3). Applying Lemma 2.9 with the known ARCQS(183 : 4) and
RGDD(3, 4, 18k) of type 18k for k ∈ {4, 6} by Lemma 2.2 gives an ARCQS(184n−2901 : 4). Since there is an ARCQS(94 : 22)
by Lemma 2.11, there is an ARCQS(94 : 4). By Lemma 2.5 there is an ARSQS(v : 22).
Replacing the subdesign of the resultant ARSQS with the known ARSQS(22 : 10) gives an ARSQS(v : 10). 
3. Direct construction for ARCQSs
Lemma 3.1. There exists an ARCQS(73 : 1).
Proof. An ARCQS(73 : 1) is constructed on Z21 ∪ {∞}with groups Gi = {i+ 3j : j ∈ Z7}, i ∈ Z3 and a stem S = {∞}.
In the following list, the blocks in every row form a resolution class on Z21 ∪ {∞}. Developing these resolution classes by
(+3 mod 21) yields the required resolution classes.
{0, 1, 5,∞}, {2, 3, 4, 20}, {6, 8, 11, 19}, {7, 9, 10, 17}, {12, 13, 14, 15}, {16, 18};
{0, 2, 4,∞}, {1, 5, 10, 15}, {3, 11, 13, 14}, {6, 7, 18, 19}, {8, 12, 16, 20}, {9, 17};
{0, 7, 14,∞}, {1, 6, 11, 16}, {2, 5, 9, 18}, {3, 13, 15, 20}, {4, 8, 10, 12}, {17, 19};
{0, 8, 13,∞}, {1, 12, 15, 16}, {2, 7, 9, 11}, {3, 4, 17, 19}, {5, 6, 10, 20}, {14, 18};
{0, 10, 20,∞}, {1, 4, 15, 17}, {2, 3, 9, 19}, {5, 6, 13, 18}, {7, 8, 14, 16}, {11, 12};
{0, 11, 19,∞}, {1, 2, 9, 15}, {3, 7, 8, 10}, {4, 5, 14, 16}, {6, 17, 18, 20}, {12, 13};
{0, 16, 17,∞}, {1, 6, 8, 18}, {2, 4, 11, 12}, {3, 9, 10, 20}, {5, 13, 14, 19}, {7, 15}.
In the following, the blocks in each row form a partial resolution class missing Gi ∪ {∞}, where i is 0, 0, 1, 1, 2 and 2 in
order. Then, we develop these partial resolution classes by (+3 mod 21) to obtain the required partial resolution classes.
{1, 2, 5, 16}, {4, 7, 11, 17}, {8, 10, 13, 14}, {19, 20};
{1, 5, 8, 13}, {2, 7}, {4, 14}, {10, 17}, {11, 19}, {16, 20}.
{0, 3, 8, 20}, {2, 9, 12, 14}, {5, 11, 15, 18}, {6, 17};
{0, 2, 15, 17}, {3, 8, 9, 14}, {5, 12}, {6, 11}, {18, 20};
{0, 4, 13, 15}, {1, 6, 9, 19}, {3, 10, 12, 16}, {7, 18};
{0, 15, 16, 19}, {1, 3, 6, 10}, {4, 18}, {7, 12}, {9, 13}; 
In order to give our next constructions for ARCQSs, we need the following result on one-factorization. Let G be a graph
with g vertices. The difference of the edge e = {u, v}with u < v is defined to be D(u, v) = min{v− u, g − (v− u)}. For any
subset D ⊂ {1, 2, . . . , bg/2c}, define G(D, g) to be the graph on Zg with edge set consisting of all edges having a difference
in D; that is, the edge set of G(D, g) is {{u, v} : D(u, v) ∈ D}. For the existence of the one-factorization of G(D, g), we have
the following result.
Lemma 3.2 ([11]). Let g be even and D be a set of integers in the range 1, 2, . . . , g/2. Then G(D, g) has a one-factorization if
and only if g/gcd(j, g) is even for some j ∈ D.
Lemma 3.3. There exists an ARCQS((12k)3 : 2) for k ≥ 1.
Proof. We shall construct the desired design on Y = (Z12k × Z3) ∪ ({∞} × Z2) with groups Gi = Z12k × {i}, i ∈ Z3 and a
stem S = {∞} × Z2.
Let x, y, z ∈ Z12k, x+ y+ z ≡ 0 (mod 12k). Each of the following (12k)2 resolution classes consists of four parts. The first
part is below.
(1) If x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3), then the first part consists of the following.
{(x+ 12k− 1)0, (x+ 3)0, y1, (z + 2)2}, {(x+ 2)0, (y+ 12k− 1)1, (y+ 3)1, z2},
{x0, (y+ 2)1, (z + 12k− 1)2, (z + 3)2}.
(2) If x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3), then the first part consists of the following.
{x0, (x+ 2)0, (y+ 12k− 1)1, (z + 3)2}, {(x+ 3)0, y1, (y+ 2)1, (z + 12k− 1)2},
{(x+ 12k− 1)0, (y+ 3)1, z2, (z + 2)2}.
2012 Z. Meng et al. / Discrete Mathematics 310 (2010) 2007–2020
(3) If x ≡ y ≡ z (mod 3), then the first part consists of the following.
{x0, (x+ 2)0, (y+ 12k− 1)1, (y+ 3)1}, {y1, (y+ 2)1, (z + 12k− 1)2, (z + 3)2},
{(x+ 12k− 1)0, (x+ 3)0, z2, (z + 2)2}.
The second part is below.
{∞0, (x+ 1)0, (y+ 1)1, (z + 1)2}, {∞1, (x+ 6k+ 1)0, (y+ 6k+ 2)1, (z + 6k+ 3)2},
{(x+ 6k− 1)0, (x+ 6k)0, (y+ 6k+ 1)1, (z + 6k)2},
{(x+ 6k+ 2)0, (y+ 6k− 1)1, (y+ 6k)1, (z + 6k+ 1)2},
{(x+ 6k+ 3)0, (y+ 6k+ 3)1, (z + 6k− 2)2, (z + 6k− 1)2},
{(x+ 6k− 2)0, (y+ 6k+ 4)1}, {(y+ 6k− 2)1, (z + 6k+ 4)2},
{(x+ 6k+ 4)0, (z + 6k+ 2)2}.
The third part consists of the following, wherem = 0, 1, 2, . . . , k− 2.
{(x+ 6m+ 7)0, (x+ 12k− 6m− 7)0, (y+ 6m+ 5)1, (z + 12k− 6m− 3)2},
{(x+ 12k− 6m− 3)0, (y+ 6m+ 7)1, (y+ 12k− 6m− 7)1, (z + 6m+ 6)2},
{(x+ 6m+ 6)0, (y+ 12k− 6m− 2)1, (z + 6m+ 7)2, (z + 12k− 6m− 7)2},
{(x+ 6m+ 4)0, (x+ 12k− 6m− 4)0, (y+ 12k− 6m− 3)1, (z + 6m+ 5)2},
{(x+ 6m+ 5)0, (y+ 6m+ 4)1, (y+ 12k− 6m− 4)1, (z + 12k− 6m− 2)2},
{(x+ 12k− 6m− 2)0, (y+ 6m+ 6)1, (z + 6m+ 4)2, (z + 12k− 6m− 4)2}.
The fourth part consists of the following, wherem = 0, 1, 2, . . . , k− 2.
(1) If (x, y, z) ≡ (0, 0, 0) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 8)0, (x+ 12k− 6m− 5)0, (y+ 6m+ 9)1, (y+ 12k− 6m− 6)1},
{(y+ 6m+ 8)1, (y+ 12k− 6m− 5)1, (z + 6m+ 9)2, (z + 12k− 6m− 6)2},
{(x+ 6m+ 9)0, (x+ 12k− 6m− 6)0, (z + 6m+ 8)2, (z + 12k− 6m− 5)2}.
(2) If (x, y, z) ≡ (1, 1, 0) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 8)0, (x+ 12k− 6m− 5)0, (y+ 6m+ 8)1, (y+ 12k− 6m− 5)1},
{(y+ 6m+ 9)1, (y+ 12k− 6m− 6)1, (z + 6m+ 8)2, (z + 12k− 6m− 5)2},
{(x+ 6m+ 9)0, (+12k− 6m− 6)0, (z + 6m+ 9)2, (z + 12k− 6m− 6)2}.
(3) If (x, y, z) ≡ (0, 1, 1) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 9)0, (x+ 12k− 6m− 6)0, (y+ 6m+ 9)1, (y+ 12k− 6m− 6)1},
{(y+ 6m+ 8)1, (y+ 12k− 6m− 5)1, (z + 6m+ 8)2, (z + 12k− 6m− 5)2},
{(x+ 6m+ 8)0, (x+ 12k− 6m− 5)0, (z + 6m+ 9)2, (z + 12k− 6m− 6)2}.
(4) If (x, y, z) ≡ (1, 0, 1) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 9)0, (x+ 12k− 6m− 6)0, (y+ 6m+ 8)1, (y+ 12k− 6m− 5)1},
{(y+ 6m+ 9)1, (y+ 12k− 6m− 6)1, (z + 6m+ 9)2, (z + 12k− 6m− 6)2},
{(x+ 6m+ 8)0, (x+ 12k− 6m− 5)0, (z + 6m+ 8)2, (z + 12k− 6m− 5)2}.
The partial resolution classes are divided into three parts:
(1) For i ∈ Z3,m ∈ Z4k, j ∈ Z3, let P(i,m, j) = {{(3m+3n+j+12k−1)i+1, (3m+3n+j+3)i+1, (3n+j)i+2, (3n+j+2)i+2} :
n ∈ Z4k}∪{{(3m+6s+j+1)i+1, (3m+6s+j+4)i+1, (3m+6(s+l)+j+1)i+2, (3m+6(s+l)+j+4)i+2} : s ∈ Z2k, l = [m/2]},
then P(i,m, t) is a partial resolution class missing Gi ∪ S.
(2) Let F ′0 = {{1, 4}, {3, 6}, {5, 8}, . . . , {12k − 1, 2}}, F ′1 = {{0, 3}, {2, 5}, {4, 7}, . . . , {12k − 2, 1}}. For i ∈ Z3,m ∈{1, 2, 3, . . . , 6k} \ {3n + 1 : n ∈ Z2k}, t ∈ Z2, let P ′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of F ′t , {c, d} is
the (l+m)-th edge of F ′t , 1 ≤ l ≤ 6k}, then P ′(i,m, t) is a partial resolution class missing Gi ∪ S.
(3) For j = 0, 1, 2, . . . , k − 2, let φ(j) = min{12j + 9, 12k − 12j − 9}, ϕ(j) = min{12j + 11, 12k − 12j − 11}, and
D = {1, 2, 3, . . . , 6k}\ ({D(0, 6s−2) : 2 ≤ s ≤ 2k−1}∪{1, 2, 3, 4}∪{φ(j), ϕ(j) : j = 0, 1, 2, . . . , k−2}). Let Ft , t ∈ Z4k−1,
be a one-factorization of G(D, 12k). For i ∈ Z3, 1 ≤ m ≤ 6k, t ∈ Z4k−1, let P ′′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the
l-th edge of Ft , {c, d} is the (l+m)-th edge of Ft , 1 ≤ l ≤ 6k}, then P ′′(i,m, t) is a partial resolution class missing Gi ∪ S.
Then the ARCQS((12k)3 : 2) is obtained. 
Lemma 3.4. There exists an ARCQS(123 : 10).
Proof. We shall construct the desired design on Y = (Z12× Z3)∪ ({∞}× Z10)with groups Gi = Z12×{i}, i ∈ Z3 and a stem
S = {∞} × Z10.
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Let x, y, z ∈ Z12, x+ y+ z ≡ 0 (mod 12). Each of the following 122 resolution classes consists of two parts. The first part
is below.
(1) If x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3), then the first part consists of the following.
{(x+ 1)0, (y+ 11)1, (y+ 1)1, (z + 2)2}, {∞0, (x+ 2)0, y1, (z + 11)2},
{∞1, (x+ 11)0, (y+ 3)1, (z + 1)2}, {∞2, x0, (y+ 2)1, (z + 3)2}, {(x+ 3)0, z2}.
(2) If x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3), then the first part consists of the following.
{(x+ 2)0, y1, z2, (z + 2)2}, {∞0, x0, (y+ 2)1, (z + 11)2},
{∞1, (x+ 3)0, (y+ 11)1, (z + 1)2}, {∞2, (x+ 1)0, (y+ 1)1, (z + 3)2},
{(x+ 11)0, (y+ 3)1}.
(3) If x ≡ y ≡ z (mod 3), then the first part consists of the following.
{(x+ 1)0, (x+ 3)0, (y+ 2)1, (z + 11)2}, {∞0, x0, y1, (z + 1)2},
{∞1, (x+ 2)0, (y+ 11)1, (z + 2)2}, {∞2, (x+ 11)0, (y+ 3)1, (z + 3)2},
{(y+ 1)1, z2}.
The second part is as follows.
{∞3, (x+ 6)0, (y+ 6)1, (z + 6)2}, {∞4, (x+ 4)0, (y+ 5)1, (z + 10)2},
{∞5, (x+ 5)0, (y+ 10)1, (z + 5)2}, {∞6, (x+ 7)0, (y+ 7)1, (z + 7)2},
{∞7, (x+ 9)0, (y+ 4)1, (z + 9)2}, {∞8, (x+ 10)0, (y+ 9)1, (z + 4)2},
{∞9, (x+ 8)0, (y+ 8)1, (z + 8)2}.
The partial resolution classes are divided into four parts:
(1) Let j ∈ {3t, 3t + 1 : t ∈ Z4}, then P0(j) = {{a1, (a + j)2} : a ∈ Z12} is a partial resolution class missing G0 ∪ S.
Let j ∈ {3t, 3t + 2 : t ∈ Z4}, then P1(j) = {{a2, (a + j)0} : a ∈ Z12} is a partial resolution class missing G1 ∪ S. Let
j ∈ {3t + 1, 3t + 2 : t ∈ Z4}, then P2(j) = {{a0, (a+ j)1} : a ∈ Z12} is a partial resolution class missing G2 ∪ S.
(2) For i ∈ Z3,m ∈ Z4, j ∈ Z3, let P(i,m, j) = {{(3m+ 3n+ j)i+1, (3m+ 3n+ j+ 2)i+1, (3n+ j)i+2, (3n+ j+ 2)i+2} : n ∈
Z4}∪ {{(3m+6s+ j+1)i+1, (3m+6s+ j+4)i+1, (3m+6(s+ l)+ j+1)i+2, (3m+6(s+ l)+ j+4)i+2} : s ∈ Z2, l = [m/2]},
then P(i,m, j) is a partial resolution class missing Gi ∪ S.
(3) Let F ′0 = {{1, 4}, {3, 6}, {5, 8}, {7, 10}, {9, 0}, {11, 2}}, F ′1 = {{0, 3}, {2, 5}, {4, 7}, {6, 9}, {8, 11}, {10, 1}}. For i ∈
Z3,m ∈ {2, 3, 5, 6}, t ∈ Z2, and let P ′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of F ′t , {c, d} is the (l+ m)-th
edge of F ′t , 1 ≤ l ≤ 6}, then P ′(i,m, t) is a partial resolution class missing Gi ∪ S.
(4) Let Ft , t ∈ Z7, be a one-factorization of G({1, 4, 5, 6}, 12). For i ∈ Z7, 1 ≤ m ≤ 6, t ∈ Z3, let P ′′(i,m, t) =
{{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of Ft , {c, d} is the (l + m)-th edge of Ft , 1 ≤ l ≤ 6}, then P ′′(i,m, t) is a
partial resolution class missing Gi ∪ S.
Then the ARCQS(123 : 10) is obtained. 
Lemma 3.5. There exists an ARCQS((12k)3 : 10) for k ≥ 2.
Proof. We shall construct the desired design on Y = (Z12k × Z3) ∪ ({∞} × Z10) with groups Gi = Z12k × {i}, i ∈ Z3 and a
stem S = {∞} × Z10.
Let x, y, z ∈ Z12k, x+ y+ z ≡ 0 (mod 12k). Each of the following (12k)2 resolution classes consists of four parts. The first
part is below.
(1) If x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3), then the first part consists of the following.
{(x+ 1)0, (y+ 12k− 1)1, (y+ 1)1, (z + 2)2}, {∞0, (x+ 2)0, y1, (z + 12k− 1)2},
{∞1, (x+ 12k− 1)0, (y+ 3)1, (z + 1)2}, {∞2, x0, (y+ 2)1, (z + 3)2},
{(x+ 3)0, z2}.
(2) If x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3), then the first part consists of the following.
{(x+ 2)0, y1, z2, (z + 2)2}, {∞0, x0, (y+ 2)1, (z + 12k− 1)2},
{∞1, (x+ 3)0, (y+ 12k− 1)1, (z + 1)2}, {∞2, (x+ 1)0, (y+ 1)1, (z + 3)2},
{(x+ 12k− 1)0, (y+ 3)1}.
(3) If x ≡ y ≡ z (mod 3), then the first part consists of the following.
{(x+ 1)0, (x+ 3)0, (y+ 2)1, (z + 12k− 1)2}, {∞0, x0, y1, (z + 1)2},
{∞1, (x+ 2)0, (y+ 12k− 1)1, (z + 2)2}, {∞2, (x+ 12k− 1)0, (y+ 3)1, (z + 3)2},
{(y+ 1)1, z2}.
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The second part is as follows.
{∞3, (x+ 6k)0, (y+ 6k)1, (z + 6k)2},
{∞4, (x+ 6k− 2)0, (y+ 6k− 1)1, (z + 6k+ 4)2},
{∞5, (x+ 6k− 1)0, (y+ 6k+ 4)1, (z + 6k− 1)2},
{∞6, (x+ 6k+ 1)0, (y+ 6k+ 1)1, (z + 6k+ 1)2},
{∞7, (x+ 6k+ 3)0, (y+ 6k− 2)1, (z + 6k+ 3)2},
{∞8, (x+ 6k+ 4)0, (y+ 6k+ 3)1, (z + 6k− 2)2},
{∞9, (x+ 6k+ 2)0, (y+ 6k+ 2)1, (z + 6k+ 2)2}.
The third part consists of the following, wherem = 0, 1, 2, . . . , k− 2.
{(x+ 6m+ 7)0, (x− 6m+ 12(k− 2)+ 17)0, (y+ 6m+ 5)1, (z − 6m+ 12(k− 2)+ 21)2},
{(x− 6m+ 12(k− 2)+ 21)0, (y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 17)1, (z + 6m+ 6)2},
{(x+ 6m+ 6)0, (y− 6m+ 12(k− 2)+ 22)1, (z + 6m+ 7)2, (z − 6m+ 12(k− 2)+ 17)2},
{(x+ 6m+ 4)0, (x− 6m+ 12(k− 2)+ 20)0, (y− 6m+ 12(k− 2)+ 21)1, (z + 6m+ 5)2},
{(x+ 6m+ 5)0, (y+ 6m+ 4)1, (y− 6m+ 12(k− 2)+ 20)1, (z +−6m+ 12(k− 2)+ 22)2},
{(x− 6m+ 12(k− 2)+ 22)0, (y+ 6m+ 6)1, (z + 6m+ 4)2, (z − 6m+ 12(k− 2)+ 20)2}.
The fourth part consists of the following, wherem = 0, 1, 2, . . . , k− 2.
(1) If (x, y, z) ≡ (0, 0, 0) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 8)0, (x− 6m+ 12(k− 2)+ 19)0, (y+ 6m+ 9)1, (y− 6m+ 12(k− 2)+ 18)1},
{(y+ 6m+ 8)1, (y− 6m+ 12(k− 2)+ 19)1, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 18)2},
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 18)0, (z + 6m+ 8)2, (z − 6m+ 12(k− 2)+ 19)2}.
(2) If (x, y, z) ≡ (1, 1, 0) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 8)0, (x− 6m+ 12(k− 2)+ 19)0, (y+ 6m+ 8)1, (y− 6m+ 12(k− 2)+ 19)1},
{(y+ 6m+ 9)1, (y− 6m+ 12(k− 2)+ 18)1, (z + 6m+ 8)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 18)0, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 18)2}.
(3) If (x, y, z) ≡ (0, 1, 1) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 18)0, (y+ 6m+ 9)1, (y− 6m+ 12(k− 2)+ 18)1},
{(y+ 6m+ 8)1, (y− 6m+ 12(k− 2)+ 19)1, (z + 6m+ 8)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 8)0, (x− 6m+ 12(k− 2)+ 19)0, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 18)2}.
(4) If (x, y, z) ≡ (1, 0, 1) (mod 2), then the fourth part consists of the following.
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 18)0, (y+ 6m+ 8)1, (y− 6m+ 12(k− 2)+ 19)1},
{(y+ 6m+ 9)1, (y− 6m+ 12(k− 2)+ 18)1, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 18)2},
{(x+ 6m+ 8)0, (x− 6m+ 12(k− 2)+ 19)0, (z + 6m+ 8)2, (z − 6m+ 12(k− 2)+ 19)2}.
The partial resolution classes are divided into four parts:
(1) Let j ∈ {3t, 3t + 1 : t ∈ Z4k}, then P0(j) = {{a1, (a + j)2} : a ∈ Z12k} is a partial resolution class missing G0 ∪ S.
Let j ∈ {3t, 3t + 2 : t ∈ Z4k}, then P1(j) = {{a2, (a + j)0} : a ∈ Z12k} is a partial resolution class missing G1 ∪ S. Let
j ∈ {3t + 1, 3t + 2 : t ∈ Z4k}, then P2(j) = {{a0, (a+ j)1} : a ∈ Z12k} is a partial resolution class missing G2 ∪ S.
(2) For i ∈ Z3,m ∈ Z4k, j ∈ Z3, let P(i,m, j) = {{(3m+ 3n+ j)i+1, (3m+ 3n+ j+ 2)i+1, (3n+ j)i+2, (3n+ j+ 2)i+2} : n ∈
Z4k}∪{{(3m+6s+ j+1)i+1, (3m+6s+ j+4)i+1, (3m+6(s+ l)+ j+1)i+2, (3m+6(s+ l)+ j+4)i+2} : s ∈ Z2k, l = [m/2]},
then P(i,m, j) is a partial resolution class missing Gi ∪ S.
(3) Let F ′0 = {{1, 4}, {3, 6}, {5, 8}, . . . , {12k − 1, 2}}, F ′1 = {{0, 3}, {2, 5}, {4, 7}, . . . , {12k − 2, 1}}. For i ∈ Z3,m ∈{1, 2, 3, . . . , 6k} \ {3n + 1 : n ∈ Z2k}, t ∈ Z2, let P ′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of F ′t , {c, d} is
the (l+m)-th edge of F ′t , 1 ≤ l ≤ 6k}, then P ′(i,m, t) is a partial resolution class missing Gi ∪ S.
(4) For j = 0, 1, 2, . . . , k − 2, let φ(j) = min{12j + 9, 12k − 12j − 9}, ϕ(j) = min{12j + 11, 12k − 12j − 11}, and
D = {1, 2, 3, . . . , 6k} \ ({D(0, 6s− 2) : 2 ≤ s ≤ 2k− 1} ∪ {2, 3} ∪ {φ(j), ϕ(j) : j = 0, 1, 2, . . . , k− 2}). Let Ft , t ∈ Z4k+3, be
a one-factorization of G(D, 12k). For i ∈ Z3, 1 ≤ m ≤ 6k, t ∈ Z4k+3, let P ′′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the
l-th edge of Ft , {c, d} is the (l+m)-th edge of Ft , 1 ≤ l ≤ 6k}, then P ′′(i,m, t) is a partial resolution class missing Gi ∪ S.
Then the ARCQS((12k)3 : 10) is obtained. 
4. Another construction for ARCQSs
In order to give another construction for ARSQSs, we need to introduce design fragments of types A and B denoted
partial ARCQS((6g)3 : 0) and partial RCQS((6g)3 : s) (or partial RCQS((6g)3 : 0) and partial ARCQS((6g)3 : s)), which
is a generalization of DFA(s) and DFB(s) [2].
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We proceed to construct design fragments of types A and B denoted partial ARCQS((6g)3 : 0) and partial RCQS((6g)3 : s)
(or partial RCQS((6g)3 : 0) and partial ARCQS((6g)3 : s)). The point set of A fragment is X = Z6g × Z3 with groups
Gi = Z6g × {i}, i ∈ Z3, and the point set of B fragment is X ∪ S, where S = {∞} × Zs, with groups Gi, i ∈ Z3 and a
stem S. The blocks of size 4 are constructed below.
The essential observations to make about these design fragments are as follows:
(1) all triples of the form {a0, b1, c2} occur precisely once in both the A fragment and the B fragment;
(2) all triples of the form {∞i, aj, bk}with j 6= k occur precisely once in the B fragment;
(3) all triples of the form {ai, (a+ d)i, bj} with i 6= j, d ∈ {1, 2, . . . , 3g} occur precisely once in either the A fragment or
the B fragment, but not both;
(4) the block set of the A fragment and the set of all pairs {x, y} from different groups (or the block set of the A fragment)
can be partitioned into (6g)2 parts, each being a partition of X;
(5) the block set of the B fragment (or the block set of the B fragment and the set of all pairs {x, y} from different groups)
can be partitioned into 3g(3+ 2s+ 6g) parts with the following two properties:
(a) for each group Gi, i ∈ Z3, there are exactly g(3 + 2s − 6g) parts, each being a partition of X \ Gi (called a partial
resolution class);
(b) there are (6g)2 parts, each being a partition of X ∪ S (called a resolution class).
Lemma 4.1. There exist a partial ARCQS(63 : 0) and a partial RCQS(63 : 2).
Proof. (1) There exists a partial ARCQS(63 : 0)with 36 resolution classes.
We shall construct the desired design on Z18 with groups Gi = {i+ 3j : j ∈ Z6}, i ∈ Z3.
For x, y, z ∈ Z6 and x+ y+ z ≡ 0 (mod 6), let P(x, y, z) consist of the following.
{3x, 3x+ 3, 3y+ 1, 3z + 2}, {3x+ 6, 3y+ 4, 3y+ 7, 3z + 17},
{3x+ 9, 3y+ 13, 3z + 11, 3z + 14}, {3x+ 12, 3y+ 10},
{3x+ 15, 3z + 8}, {3y+ 16, 3z + 5}.
Clearly, each P(x, y, z) is a resolution class. We then obtain 36 resolution classes.
(2) There exists a partial RCQS(63 : 2)with 36 resolution classes and one partial resolution class for each group.
We shall construct the desired design on Z18 ∪ {∞1,∞2} with groups Gi = {i + 3j : j ∈ Z6}, i ∈ Z3 and a stem
S = {∞1,∞2}. The base blocks consists of two parts. The first part is below.
{0, 1, 2,∞1}, {3, 10, 17,∞2}, {4, 8, 12, 16}, {5, 6, 7, 11}, {9, 13, 14, 15};
{0, 4, 17,∞1}, {1, 2, 9,∞2}, {3, 8, 14, 16}, {5, 7, 13, 15}, {6, 10, 11, 12};
{0, 7, 14,∞1}, {2, 12, 16,∞2}, {1, 6, 8, 13}, {3, 5, 9, 11}, {4, 10, 15, 17};
{0, 8, 13,∞1}, {3, 4, 5,∞2}, {1, 6, 11, 17}, {2, 7, 9, 15}, {10, 12, 14, 16};
{1, 9, 11,∞1}, {0, 2, 10,∞2}, {3, 7, 13, 17}, {4, 8, 14, 15}, {5, 6, 12, 16};
{4, 5, 12,∞1}, {2, 3, 7,∞2}, {0, 6, 11, 16}, {1, 13, 15, 17}, {8, 9, 10, 14};
{0, 5, 16,∞1}, {4, 9, 17,∞2}, {1, 2, 6, 12}, {3, 10, 11, 15}, {7, 8, 13, 14};
{1, 5, 15,∞1}, {8, 10, 12,∞2}, {0, 7, 11, 17}, {2, 3, 9, 13}, {4, 6, 14, 16};
{2, 3, 16,∞1}, {7, 9, 14,∞2}, {0, 1, 12, 13}, {4, 5, 10, 11}, {6, 8, 15, 17};
{2, 9, 10,∞1}, {5, 12, 13,∞2}, {0, 1, 8, 14}, {3, 4, 11, 17}, {6, 7, 15, 16};
{1, 3, 17,∞1}, {7, 11, 12,∞2}, {0, 2, 6, 8}, {4, 5, 13, 14}, {9, 10, 15, 16};
{2, 4, 15,∞1}, {6, 11, 13,∞2}, {0, 5, 9, 14}, {1, 8, 10, 17}, {3, 7, 12, 16}.
Here, the blocks in the same row form a resolution class on Z18 ∪ S. Then, we develop this resolution class (+6 mod 18) to
get all the resolution classes.
The second part of base blocks is below.
{1, 5, 10, 14}, {2, 3, 11, 12}, {0, 7, 9, 16}.
Here, the (i+ 1)-th block forms a partial resolution class missing Gi ∪ S by developing (+6 mod 18), where 0 ≤ i ≤ 2. 
Lemma 4.2. There exist a partial RCQS(123 : 0) and a partial ARCQS(123 : 10).
Proof. (1) There exists a partial RCQS(123 : 0)with 144 resolution classes.
We shall construct the desired design on Z12 × Z3 with groups Gi = Z12 × {i}, i ∈ Z3. The resolution classes are below.
{00, 02, 10, 71}, {01, 11, 12, 70}, {20, 22, 32, 60},
{21, 30, 42, 51}, {31, 61, 90, 92}, {40, 50, 82, 101},
{41, 72, 110, 112}, {52, 80, 91, 102}, {62, 81, 100, 111};
{00, 02, 31, 50}, {01, 10, 40, 81}, {11, 12, 20, 22},
{21, 30, 80, 111}, {32, 60, 72, 110}, {41, 51, 82, 92},
{42, 52, 70, 71}, {61, 62, 100, 101}, {90, 91, 102, 112};
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{00, 01, 30, 31}, {02, 10, 50, 51}, {11, 12, 81, 82},
{20, 52, 92, 110}, {21, 42, 80, 101}, {22, 41, 91, 102},
{32, 61, 71, 100}, {40, 62, 90, 111}, {60, 70, 72, 112};
{00, 02, 41, 72}, {01, 12, 31, 80}, {10, 22, 61, 100},
{11, 40, 90, 102}, {20, 50, 71, 112}, {21, 32, 82, 111},
{30, 52, 70, 92}, {42, 60, 81, 91}, {51, 62, 101, 110}.
Here, the blocks in every three rows form a resolution class. Then, we develop this resolution class (mod 12, mod 3) to get
all the resolution classes.
(2) There exists a partial ARCQS(123 : 10)with 144 resolution classes and 22 partial resolution classes for each group.
We first construct the design D(63 : 4) on (Z6 × Z3) ∪ {∞1,∞2,∞3,∞4} with groups Hi = Z6 × i, i ∈ Z3 and a stem
S = {∞1,∞2,∞3,∞4}. Its block set C can be partitioned into 36 resolution classes and 11 partial resolution classes for
each group. The resolution classes are below.
{02, 10, 51,∞1}, {11, 32, 30,∞2}, {20, 41, 42,∞3}, {21, 40, 52,∞4},
{12, 22, 30, 31}, {00, 01};
{00, 12, 51,∞1}, {20, 31, 42,∞2}, {21, 32, 50,∞3}, {01, 22, 30,∞4},
{02, 40, 41, 52}, {10, 11};
{01, 10, 52,∞1}, {20, 22, 51,∞2}, {30, 31, 42,∞3}, {32, 40, 41,∞4},
{02, 12, 21, 50}, {00, 11};
{01, 12, 50,∞1}, {02, 11, 20,∞2}, {22, 40, 41,∞3}, {30, 32, 31,∞4},
{00, 31, 42, 52}, {10, 21};
{00, 11, 52,∞1}, {21, 30, 32,∞2}, {12, 40, 51,∞3}, {22, 41, 50,∞4},
{10, 20, 31, 32}, {01, 02};
{20, 21, 22,∞1}, {01, 02, 30,∞2}, {31, 32, 40,∞3}, {10, 51, 52,∞4},
{00, 41, 42, 50}, {11, 12};
{02, 21, 40,∞1}, {20, 32, 41,∞2}, {11, 42, 50,∞3}, {30, 31, 52,∞4},
{00, 10, 22, 51}, {01, 12};
{30, 42, 51,∞1}, {00, 41, 52,∞2}, {10, 12, 21,∞3}, {02, 20, 31,∞4},
{01, 32, 40, 50}, {11, 22};
{01, 22, 43,∞1}, {12, 31, 50,∞2}, {10, 42, 50,∞3}, {20, 41, 52,∞4},
{11, 21, 30, 32}, {00, 02};
{21, 50, 52,∞1}, {30, 31, 32,∞2}, {00, 02, 41,∞3}, {11, 20, 22,∞4},
{01, 40, 42, 51}, {10, 12};
{00, 31, 32,∞1}, {12, 40, 41,∞2}, {21, 30, 52,∞3}, {20, 42, 51,∞4},
{01, 11, 22, 50}, {02, 10};
{02, 30, 31,∞1}, {01, 42, 50,∞2}, {11, 40, 52,∞3}, {10, 21, 22,∞4},
{00, 32, 41, 51}, {12, 20}.
Here, the blocks in every two rows form a resolution class. Then, we develop this resolution class (+2 mod 6, −) to get all
the resolution classes.
The partial resolution classes consist of three parts. The first part is below.
{00, 01, 10, 11}, {00, 10, 31, 41}, {10, 11, 20, 21}, {10, 20, 41, 51}.
Here, every block forms a partial resolution class missing H2 ∪ S by develop (+2 mod 6,−). Adding i to the first component
gives a partial resolution class missing Hi−1 ∪ S, where 1 ≤ i ≤ 2.
The second part is below.
{00, 21}, {00, 31}, {00, 41}, {00, 51}.
Here, every block forms a partial resolution class missing H2 ∪ S by develop (mod 6, −). Adding i to the first component
gives a partial resolution class missing Hi−1 ∪ S, where 1 ≤ i ≤ 2.
The last part is below.
Let F0 = {{0, 3}, {1, 4}, {2, 5}}. For i ∈ Z3 and 1 ≤ m ≤ 3, let P(i,m) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of
F0, {c, d} is the (l+m)-th edge of F0, 1 ≤ l ≤ 3}, then P(i,m) is a partial resolution classes missing Hi ∪ S.
Now we shall construct the desired design partial ARCQS(123 : 10) by using the above design.
Let (X,G, S,B) be an RCQS(23 : 2)with groups Gi = Z2 × {i}, i ∈ Z3 and a stem {a, b}. Denote the resolution classes by
Pk, 1 ≤ k ≤ 4.
We shall construct the desired design on Y = (Z12 × Z3) ∪ ({∞} × Z10) with groups G′i = Z12 × {i}, i ∈ Z3 and a stem
S ′ = {∞} × Z10.
For B = {x0, y1, w2, a} ∈ Pk, 1 ≤ k ≤ 4, x, y, w ∈ Z2, construct a D(63 : 2) on G′′0 ∪ G′′1 ∪ G′′2 ∪ S ′′ with groups
G′′0 = {(2i+ x)0 : i ∈ Z6}, G′′1 = {(2i+ y)1 : i ∈ Z6}, G′′2 = {(2i+ w)2 : i ∈ Z6} and a stem S ′′ = {∞1,∞2,∞3,∞4}. Denote
the resolution classes by PB(m), 1 ≤ m ≤ 36 and the partial resolution classes by QB(u, j), u ∈ B \ {a}, 1 ≤ j ≤ 11.
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For B = {x′0, y′1, w′2, b} ∈ Pk, 1 ≤ k ≤ 4, x′, y′, w′ ∈ Z2, construct an RH(4, 6, 4, 3) on {(2i+ x′)0 : i ∈ Z6} ∪ {(2i+ y′)1 :
i ∈ Z6} ∪ {(2i+ w′)2 : i ∈ Z6} ∪ {∞i : 5 ≤ i ≤ 10}. Denote the resolution classes by P ′B(m), 1 ≤ m ≤ 36.
We need to give its required resolution classes.
For 1 ≤ k ≤ 4, 1 ≤ m ≤ 36, let P ′′(k,m) = (⋃B∈Pk,a∈B PB(m)) ∪ (⋃B∈Pk,b∈B P ′B(m)), then P ′′(k,m) is a resolution class on
Y .
For i ∈ Z3, x ∈ Gi and 1 ≤ j ≤ 11, let Q ′(x, j) =⋃B∈B,{x,a}∈B QB(x, j), then Q ′(x, j) is a resolution class missing G′i ∪ S ′. 
Lemma 4.3. Suppose that there is an RG(n, u, 4, 3). If there is an RGDD(3, 4, 6ug) of type (6g)u, a partial ARCQS((6g)3 : 0)
and a partial RCQS((6g)3 : s) (or a partial RCQS((6g)3 : 0) and a partial ARCQS((6g)3 : s)), then there exists an
ARCQS((12g)(nu−u)/2(6gu− 12g)1 : s).
Proof. Let (X ∪ {∞1,∞2},G,B) be a given RG(n, u, 4, 3) and G0 the group containing both ∞1 and ∞2. Let
B1, B2, . . . , B(nu−u)/2 be the blocks containing both∞1 and∞2. Let its resolution be P1|P2| · · · |Pu(n−1)[u(n+1)−3]/6 and P0 = G,
where Bi ∈ Pi, 1 ≤ i ≤ (nu− u)/2. Define G′ = {G′0 = G0 \ {∞1,∞2},G′i = Bi \ {∞1,∞2}, 1 ≤ i ≤ (nu− u)/2}. We shall
construct the desired design on X ′ = (X × Z6g) ∪ S with groups G′ × Z6g (G′ ∈ G′) and a stem S, where S ∩ (X × Z6g) = ∅
and |S| = s.
Here we only consider the case that there exist RGDD(3, 4, 6ug) of type (6g)u, a partial ARCQS((6g)3 : 0) and a partial
RCQS((6g)3 : s). The other case can be proved similarly.
For each block B ∈ B ∪Gwith {∞1,∞2} ∩ B = ∅, construct an RGDD(3, 4, 6g|B|) of type (6g)|B| on B× Z6g with groups
{x} × Z6g (x ∈ B), which exists by Lemma 2.2 if |B| = 4, or by assumption if |B| = u. Denote its block set by CB and its
resolution classes by P ′B(m), 1 ≤ m ≤ 36g2 if |B| = 4, or 1 ≤ m ≤ 6(u− 1)(u− 2)g2 if |B| = u.
For each block B ∈ B with∞1 ∈ B and∞2 6∈ B, construct a partial ARCQS((6g)3 : 0) on (B \ {∞1}) × Z6g with groups
{x}× Z6g (x ∈ B \ {∞1}). Such a design exists by assumption. Denote its block set byA1B, and its resolution classes by P ′′B (m),
1 ≤ m ≤ 36g2.
For each block B ∈ B with∞2 ∈ B and∞1 6∈ B, construct a partial ARCQS((6g)3 : s) on ((B \ {∞2}) × Z6g) ∪ S with
groups {x} × Z6g (x ∈ B \ {∞2}) and a stem S. Such a design exists by assumption. Denote its block set byA2B, its resolution
classes by P ′′′B (m), 1 ≤ m ≤ 36g2, and its partial resolution classes by PB(a, j), a ∈ B \ {∞2}, 1 ≤ j ≤ g(3+ 2s− 6g).
Then (
⋃
B∈B,∞1 6∈B,∞2 6∈B CB)∪ (
⋃
B∈B,∞1∈B,∞2 6∈BA
1
B)∪ (
⋃
B∈B,∞2∈B,∞1 6∈BA
2
B) is the block set of a CQS((12g)
3(n−1)(24g)1 :
s). We need to give its required resolution classes.
For (nu − u + 2)/2 ≤ k ≤ u(n − 1)[u(n + 1) − 3]/6, 1 ≤ m ≤ 36g2, let P ′(k,m) = (⋃B∈Pk,∞1∈B P ′′B (m)) ∪
(
⋃
B∈Pk,∞2∈B P
′′′
B (m)) ∪ (
⋃
B∈Pk,∞1 6∈B,∞2 6∈B P
′
B(m)), then P
′(k,m) is a partition of (X × Z6g) ∪ S.
The partial resolution classes are divided into four parts:
(1) For 1 ≤ i ≤ (nu− u)/2, 1 ≤ m ≤ 36g2, let P(i,m) =⋃B∈Pi P ′B(m), then P(i,m) is partition of (X \ Gi)× Z6g .
(2) For a ∈ G′i , 1 ≤ i ≤ (nu − u)/2 and 1 ≤ j ≤ g(3 + 2s − 6g), let P ′′(a, j) =
⋃
{a,∞2}∈B,B∈B PB(a, j), then P
′′(a, j) is a
partition of (X \ G′i)× Z6g . Since |G′i| = 2, the number of P ′′(a, j) is 2g(3+ 2s− 6g).
(3) For 1 ≤ m ≤ 6(u− 1)(u− 2)g2, let Q (m) =⋃B∈P0 P ′B(m), then Q (m) is partition of (X \ G′0)× Z6g .
(4) For b ∈ G′0, 1 ≤ j ≤ g(3+ 2s− 6g), let P ′′(b, j) =
⋃
{b,∞2}∈B,B∈B PB(b, j), then P
′′(b, j) is a partition of (X \ G′0)× Z6g .
Since |G′0| = u− 2, the number of P ′′(b, j) is (u− 2)g(3+ 2s− 6g).
Then an ARCQS((12g)(nu−u)/2(6gu− 12g)1 : s) is obtained. 
Lemma 4.4. There exists an ARSQS(v) for v ≡ 14 (mod 24).
Proof. When v ≡ 14, 38 (mod 72), write v = 12u + 2, where u ≡ 1, 3 (mod 6). Applying Lemma 4.3 with g = 1, s = 2
and an RG
( u+1
2 , 4, 4, 3
)
in Theorem 1.1, we obtain an ARCQS(12u : 2). Here we need a partial ARCQS(63 : 0) and a partial
RCQS(63 : 2) as input designs, which come from Lemma 4.1. The result then follows from Lemma 2.5 with the resulting
ARCQS and an ARSQS(14) in Lemma 2.4.
When v ≡ 62 (mod 72), write v = 72n−10, where n is a positive integer. Applying Lemma 4.3 with h = 1, g = 1, s = 2
and an RG(2n, 6, 4, 3) in Lemma 2.8, we obtain an ARCQS(126n−3241 : 2). Herewe need a partial ARCQS(63 : 0) and a partial
RCQS(63 : 2) as input designs. The result then follows from Lemma 2.5 with the resulting ARCQS, an ARSQS(14), and an
ARSQS(26) by Theorem 1.2. 
Lemma 4.5. There exists an ARSQS(v) for v ≡ 34 (mod 144).
Proof. Write v = 12u + 10, where u ≡ 2 (mod 12). Applying Lemma 4.3 with g = 2, s = 10 and an RG ( u+24 , 4, 4, 3) in
Theorem 1.1, we obtain an ARCQS(24u/2 : 10). Here we need a partial ARCQS(123 : 0) and a partial RCQS(123 : 10) as input
designs, which come from Lemma 4.2. Since there is an ARCQS(65 : 4) by Lemma 2.10 and an ARSQS(10 : 4) by Lemma 2.4,
there is an ARSQS(34 : 10) by Lemma 2.5. The result then follows from Lemma 2.5 with the resulting ARCQS(24u/2 : 10)
and the known ARSQS(34 : 10). 
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5. Existence of ARSQSs
Lemma 5.1. There exists an ARCQS(66 : 2), which contains 20 resolution classes of ARSQS(10).
Proof. The desired design is constructed on {0, 1, 2, . . . , 37} with a stem S = {0, 1} and groups G1 = {2, 3, . . . , 7},
G2+i = {8 + i, 13 + i, 18 + i, 23 + i, 28 + i, 33 + i} for i ∈ Z5. An ARSQS(10) is constructed on {8 + 3i : i ∈ Z10}. All
the required resolution classes are described as follows.
For i ∈ {1, 2, 3, 4, 5, 6}, let Fi = {F 1i , F 2i , F 3i , F 4i , F 5i } be a one-factorization of the complete graph on Gi. For 2 ≤ i ≤
6, 1 ≤ j ≤ 5, 1 ≤ m ≤ 3, define P(i, j,m) = {{a, b, c, d} : {a, b} is the l-th edge of F j1, {c, d} is the (l + m)-th edge of
F ji , 1 ≤ l ≤ 3}, then every P(i, j,m) is a resolution class on G1∪Gi. For 2 ≤ i ≤ 6, there exist 15 resolution classes on G1∪Gi.
They will be used to construct the partial resolution classes and resolution classes.
Define a permutation α = (0 1)(2 3 4 5 6 7)(8 9 10 · · · 37). The partial resolution classes missing Gi ∪ S for 2 ≤ i ≤ 6
are divided into four parts:
(1) We need to construct a partial resolution class missing G6 ∪ S, which contains the following initial blocks.
3 8 10 29 4 9 21 35 5 14 15 33 6 19 25 36 7 11 24 28 16 18 20 31
23 26 30 34 2 13.
For 1 ≤ i ≤ 5, this partial resolution class generates six partial resolution classes missing Gi+1 ∪ S under the action of the
permutations α5j+i, j ∈ Z6.
(2) The second part of the partial resolution classes is as follows.
3 9 11 15 8 10 13 26 2 14
2 8 19 26 3 13 14 20 21 25.
For j ∈ Z2, under the action of the permutations α10i+5j, i ∈ Z3, the initial blocks in the same row form a partial resolution
class missing G6 ∪ S. Under the action of the permutation αi−1, every partial resolution class yields a partial resolution class
missing Gi ∪ S, where 2 ≤ i ≤ 5.
(3) The third part of the partial resolution classes is as follows.
8 9 10 34 33 35.
For j ∈ Z2, under the action of the permutationsα10i+5j, i ∈ Z3, all the initial blocks forma resolution class onG2∪G3∪G4. Each
of the resolution classes above generates a resolution class on Gϕ(i) ∪ Gϕ(i+1) ∪ Gϕ(i+2) under the action of the permutations
αi, where 1 ≤ i ≤ 5 and ϕ(i) = mod(i, 5) + 2. We then get a partial resolution class missing Gϕ(i+3) ∪ S by adding a
P(ϕ(i+ 4), j,m) given above to a resolution class on Gϕ(i) ∪ Gϕ(i+1) ∪ Gϕ(i+2), where 1 ≤ i ≤ 5.
(4) The fourth part of partial resolution classes is as follows.
8 9 13 30 14 15.
Under the action of the permutations α10i, i ∈ Z3, all the initial blocks form a resolution class on G2 ∪ G3 ∪ G4. Under the
action of the permutation α2(i−1), the above resolution class generates a resolution class on Gϕ(2i)∪Gϕ(2i+1)∪Gϕ(2i+2), where
1 ≤ i ≤ 5. We then get a partial resolution class missing Gϕ(2i+4) ∪ S by adding a P(ϕ(2i + 3), j,m) to the resolution class
on Gϕ(2i) ∪ Gϕ(2i+1) ∪ Gϕ(2i+2), where 1 ≤ i ≤ 5.
The partial resolution classes missing G1 ∪ S are divided into four parts:
(1) The first part is as follows.
9 10 14 31 11 12.
For j ∈ Z3, under the action of the permutations α6i+2j, i ∈ Z5, all the initial blocks form a partial resolution class missing
G1 ∪ S.
(2) The second part is as follows.
8 14 20 29 11 17 23 32 26 35
10 16 22 31 13 19 25 34 28 37
12 18 24 33 15 21 27 36 30 9
14 20 26 35 17 23 29 8 32 11
16 22 28 37 19 25 31 10 34 13
18 24 30 9 21 27 33 12 36 15
20 26 32 11 23 29 35 14 8 17
22 28 34 13 25 31 37 16 10 19
24 30 36 15 27 33 9 18 12 21
26 32 8 17 29 35 11 20 14 23
28 34 10 19 31 37 13 22 16 25
30 36 12 21 33 9 15 24 18 27
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32 8 14 23 35 11 17 26 20 29
34 10 16 25 37 13 19 28 22 31
36 12 18 27 9 15 21 30 24 33.
Here, all the blocks in every three rows form a partial resolution class missing G1 ∪ S. All the blocks in the i-th row give a
resolution class of an ARSQS(10), where i ∈ {1, 4, 7, 10, 13}.
(3) The third part is as follows.
11 20.
The initial block above generates a partial resolution class missing G1 ∪ S under the action of the permutations α2i, i ∈ Z15,
where the blocks
29 8 35 14 11 20 17 26 23 32
form a resolution class of ARSQS(10).
(4) The fourth part is as follows.
8 11 9 12 10 13 14 17 15 18 16 19 20 23 21 24 22 25 26 29 27 30 28 31
32 35 33 36 34 37
8 14 9 15 10 16 11 35 12 36 13 37 17 20 18 21 19 22 23 26 24 27 25 28
29 32 30 33 31 34
8 32 9 33 10 34 11 14 12 15 13 16 17 23 18 24 19 25 20 26 21 27 22 28
29 35 30 36 31 37
8 35 9 36 10 37 11 17 12 18 13 19 14 20 15 21 16 22 23 29 24 30 25 31
26 32 27 33 28 34.
Here, all the blocks in every two rows form a partial resolution class missing G1 ∪ S, and in every partial resolution class the
underlined blocks form a resolution class of an ARSQS(10).
The resolution classes are divided into two parts:
(1) The first part is as follows.
0 9 10 21 1 11 29 33 13 14 28 36 16 26 30 35 18 19 24 31 20 23 25 34 8 15
0 11 18 34 1 10 14 23 9 20 24 31 13 15 29 30 19 21 28 33 25 26 35 36 8 16.
Here, all the blocks in the same rows form a resolution class on G2 ∪ G3 ∪ G4 ∪ G5 ∪ S. Under the action of the permutation
αi, each of the above resolution classes yields a resolution class on Gϕ(i) ∪ Gϕ(i+1) ∪ Gϕ(i+2) ∪ Gϕ(i+3) ∪ S, where i ∈ Z30. We
then get a resolution class by adding a P(ϕ(i−1), j,m) to the resolution class on Gϕ(i)∪Gϕ(i+1)∪Gϕ(i+2)∪Gϕ(i+3)∪ S, where
i ∈ Z30.
(2) The second part is as follows.
0 3 10 19 1 4 15 18 2 9 16 30 5 13 21 25 6 22 28 36 7 27 33 34
12 24 31 37 8 11 14 26 20 23 29 32 17 35
0 2 10 12 1 6 9 36 3 11 14 30 4 13 25 29 5 17 21 24 7 16 19 33
15 20 26 28 18 23 27 37 31 32 34 35 8 22
0 2 11 13 1 12 18 34 3 16 28 29 4 17 19 25 5 26 33 35 6 15 23 36
7 9 30 31 10 20 22 32 14 24 27 37 8 21
0 14 20 33 1 7 25 26 6 23 31 34 8 28 30 35 9 29 32 37 10 11 18 27
12 16 22 36 13 24 2 15 3 17 4 19 5 21.
Here, all the blocks in every two rows form a resolution class. We obtain the remaining resolution classes under the action
of the permutations αi, 1 ≤ i ≤ 30. The last three blocks of the second row form a resolution class of ARSQS(10), and we
obtain ten resolution classes of ARSQS(10) under the action of the permutations α3i, i ∈ Z10.
Then, there exists an ARCQS(66 : 2), which contains 20 resolution classes of ARSQS(10). 
Lemma 5.2. There exists an ARSQS(v : 10) for v ≡ 106 (mod 144).
Proof. We first show that there is an ARSQS(48n+ 38 : 10) for any positive integer k.
If n ≡ 0, 1 (mod 3), then start with an RG(n + 1, 4, 4, 3). Applying Lemma 2.9 with the known ARCQS(123 : 2) and
RGDD(3, 4, 48) of type 124 gives an ARCQS(124n361 : 2). Since there are an ARSQS(14) and an ARSQS(38), there is an
ARSQS(48n + 38 : 38). Replacing the subdesign with the ARSQS(38 : 10) which comes from the design ARCQS(66 : 2) in
Lemma 5.1 gives an ARSQS(48n+ 38 : 10). If n ≡ 2 (mod 3), then start with an RG ( n+16 , 6, 4, 3). Applying Lemma 2.9 with
the known ARCQS(123 : 2) and RGDD(k, 6, 4, 3) for k ∈ {4, 6} gives an ARCQS(124n−2601 : 2). Since there are an ARSQS(14)
and ARSQS(62), there is an ARSQS(48n+ 38 : 62). Since there is an ARCQS(203 : 2), there is an ARSQS(62 : 22). Replacing
the subdesign with the known ARSQS(22 : 10) gives an ARSQS(62 : 10) and an ARSQS(48n+ 38 : 10).
Secondly, write v = 144k+ 106 and start with an ARCQS((48k+ 34)3 : 4), which exists by Lemma 2.3. Since there are
an ARSQS(48k+ 38 : 4) and an ARSQS(48k+ 38 : 10), there is an ARSQS(v : 10). 
2020 Z. Meng et al. / Discrete Mathematics 310 (2010) 2007–2020
Lemma 5.3. There exists an ARSQS(v) for v ≡ 10 (mod 24).
Proof. For v = 10, there exists an ARSQS(10) from [1,3]. If v ≡ 34 (mod 72), there is an ARSQS(v : 10) by Lemmas 4.5 and
5.2. If v ≡ 58 (mod 72), there is an ARSQS(v : 10) by Lemma 2.12. If v ≡ 10 (mod 72), thenwrite v = 72n+10, where n is a
positive integer.We prove that there is an ARSQS(v : 10) by induction. Suppose that there exists an ARSQS(72l+10 : 10) for
any integer l ≤ n. Start with an ARCQS((24n)3 : 10), which exists by Lemma 3.5. Since there exists an ARSQS(24n+10 : 10)
by Lemmas 4.5, 5.2 and 2.12 or by assumption, applying Lemma 2.5 gives an ARSQS(72n+ 10 : 10). By induction, there is
an ARSQS(v) for v ≡ 10 (mod 72). 
Lemma 5.4. There exists an ARSQS(v) for v ≡ 50 (mod 72).
Proof. Write v = 72n + 50, where n is an integer. Start with an ARCQS ((24n + 14)3 : 8), which exists by Lemma 2.3.
Since there is an ARCQS(73 : 1) by Lemma 3.1 and ARSQS(8) by Theorem 1.1, there is an ARSQS(22 : 8) by Lemma 2.5. Since
there is an ARSQS(24k + 22 : 22) by Lemma 2.11, there is an ARSQS(24k + 22 : 8) by replacing the subdesign with an
ARSQS(22 : 8). Applying Lemma 2.5 with the ARSQS((24n+ 14)3 : 8) and ARSQS(24n+ 22 : 8) gives the result. 
Lemma 5.5. There exists an ARSQS(v) for v ≡ 26 (mod 72).
Proof. Write v = 72k + 26 and start with an ARCQS((24k + 8)3 : 2), which exists by Lemma 2.3. Since there is an
ARSQS(24k+ 10) by Lemma 5.3, there is an ARSQS(v) by applying Lemma 2.5. 
Lemma 5.6. There exists an ARSQS(v) for v ≡ 2 (mod 24).
Proof. If v ≡ 26 (mod 72), there is an ARSQS(v) by Lemma 5.5. If v ≡ 50 (mod 72), there is an ARSQS(v) by Lemma 5.4. If
v ≡ 2 (mod 72), then write v = 72n + 2, where n is a positive integer. We prove that there is an ARSQS(v) by induction.
Suppose that there exists an ARSQS(72l + 2) for any integer l ≤ n. Start with an ARCQS((24n)3 : 2), which exists by
Lemma 3.3. Since there exists an ARCQS(24n + 2) by Lemmas 5.5 and 5.4 or by assumption, applying Lemma 2.5 gives an
ARSQS(72n+ 2). By induction, there is an ARSQS(v) for v ≡ 2 (mod 72). 
Combining Lemmas 5.3, 4.4, 2.11 and 5.6, we have solved the Hartman and Phelps conjecture; i.e., we have obtained the
main result of our paper.
Theorem 5.7. There exists an ARSQS(v) for v ≡ 2, 10 (mod 12).
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